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Abstract. We study the right eigenvalue equation for quaternionic and complex linear matrix
operators defined in n-dimensional quaternionic vector spaces. For quaternionic linear operators
the eigenvalue spectrum consists of n complex values. For these operators we give a necessary
and sufficient condition for the diagonalization of their quaternionic matrix representations. Our
discussion is also extended to complex linear operators, whose spectrum is characterized by 2n
complex eigenvalues. We show that a consistent analysis of the eigenvalue problem for complex
linear operators requires the choice of a complex geometry in defining inner products. Finally, we
introduce some examples of the left eigenvalue equations and highlight the main difficulties in their
solution.

1. Introduction

Over the last decade, after the fundamental works of Finkelstein et al [1-3] on foundations
of quaternionic quantum mechanics (qQM) and gauge theories, we have witnessed a renewed
interest in algebrization and geometrization of physical theories by non-commutative fields
[4,5]. Among the numerous references on this subject, we recall the important paper of Horwitz
and Biedenharn [6], where the authors showed that the assumption of a complex projection of
the scalar product, also called complex geometry [7], permits the definition of a suitable tensor
product [8] between single-particle quaternionic wavefunctions. We also mention quaternionic
applications in special relativity [9], group representations [10-13], non-relativistic [14, 15]
and relativistic dynamics [16, 17], field theory [18], Lagrangian formalism [19], electroweak
model [20], grand unification theories [21] and the preonic model [22]. A clear and detailed
discussion of qQM together possible topics for future developments in field theory and particle
physics is found in the recent book by Adler [23].

In writing this paper, the main objective has been to address the lack of clarity among
mathematical physicists on the proper choice of quaternionic eigenvalue equation within a
qQM with complex or quaternionic geometry. In the past, interesting papers have addressed
the mathematical discussion of the quaternionic eigenvalue equation, and related topics. For
example, we find in the literature works on quaternionic eigenvalues and the characteristic
equation [24, 25], diagonalization of matrices [26], the Jordan form and g-determinant [27, 28].
More recently, some of these problems have been also discussed for the octonionic field [29, 30].

Our approach aims to give a practical method to solve the quaternionic right eigenvalue
equation in view of increasing interest in quaternionic [5,23,31] and octonionic [4,32-36]
applications in physics. Given quaternionic and complex linear operators on n-dimensional
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quaternionic vector spaces, we explicitly formulate practical rules to obtain the eigenvalues and
the corresponding eigenvectors for their n-dimensional quaternionic matrix representations.
In discussing the right complex eigenvalue problem in qQM, we find two obstacles. The
first one is related to the difficulty in obtaining a suitable definition of the determinant for
quaternionic matrices, the second one is represented by the loss, for non-commutative fields,
of the fundamental theorem of the algebra. The lack of these tools, essentials in solving
the eigenvalue problem in the complex world, makes the problem over the quaternionic
field a complicated puzzle. We overcome the difficulties in approaching the eigenvalue
problem in a quaternionic world by discussing the eigenvalue equation for 2n-dimensional
complex matrices obtained by translation from n-dimensional quaternionic matrix operators.
We shall show that quaternionic linear operators, defined on quaternionic Hilbert space with
quaternionic geometry, are diagonalizable if and only if the corresponding complex operators
are diagonalizable. The spectral theorems, extended to quaternionic Hilbert spaces [1],
are recovered in a more general context. We also study the linear independence on H of
quaternionic eigenvectors by studying their (complex) eigenvalues and discuss the spectrum
choice for quaternionic quantum systems. Finally, we construct the Hermitian operator
associated with any anti-Hermitian matrix operator and show that a coherent discussion of
the eigenvalue problem for complex linear operators requires a complex geometry. A brief
discussion concerning the possibility of having left eigenvalue equations is also proposed and
some examples presented. We point out, see also [29, 36], that left eigenvalues of Hermitian
quaternionic matrices need not be real.

This paper is organized as follows. In section 2, we introduce the basic notation
and mathematical tools. In particular, we discuss similarity transformations, symplectic
decompositions and the left/right action of quaternionic imaginary units. In section 3, we give
the basic framework of QM and translation rules between complex and quaternionic matrices.
In section 4, we approach the right eigenvalue problem by discussing the eigenvalue spectrum
for 2n-dimensional complex matrices obtained by translating n-dimensional quaternionic
matrix representations. We give a practical method for diagonalizing n-dimensional
quaternionic linear matrix operators and overcoming previous problems in the spectrum
choice for quaternionic quantum systems. We also discuss the right eigenvalue problem for
complex linear operators within a qQM with complex geometry. In section 5, we introduce
the left eigenvalue equation and analyse the eigenvalue spectrum for Hermitian operators.
We explicitly solve some examples of left/right eigenvalue equations for two-dimensional
quaternionic and complex linear operators. Our conclusions and outlooks are drawn in the
final section.

2. Basic notation and mathematical tools

A quaternion, g € H, is expressed by four real quantities [37, 38]

q=a+ib+jc+kd a,b,c,d eR (1)
and three imaginary units

P=i=k*=ik=—1.

The quaternion skew-field H is an associative but non-commutative algebra of rank four over
R, endowed with an involutory antiautomorphism

q—q=a—ib—jc—kd. @)
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This conjugation implies a reversed-order product, namely

P9 =4qp p,q € H.

Every non-zero quaternion is invertible, and the unique inverse is given by 1/g = g/|q/%,
where the quaternionic norm |g| is defined by

lq)* = qq = a® + b* + ¢ + d*.

Similarity transformation

Two quaternions g and p belong to the same eigenclass when the following relation:
g=s"'ps seH

is satisfied. Quaternions of the same eigenclass have the same real part and the same norm,
Re(q) =Re(s™'ps) =Re(p)  lgl=1Is"'ps|=p|

consequently, they have the same absolute value of the imaginary part. The previous equations
can be rewritten in terms of unitary quaternions as follows:

q:s"ps:i i=ﬂpu ueH uu=1. 3)
Is|™ Is]
In equation (3), the unitary quaternion,
u=cosi6+h-iisin 16 h=Gjk aeR Jil=1

can be expressed in terms of the imaginary parts of g and p. In fact, given two quaternions
belonging to the same eigenclass,

g=q+h-G§  p=po+th-p  qo=po G| = 17
we find [39], for ¢ # £p,

Lo ) e
cosf = c{ f and uz#. @)

g1l p] lg1|p|sin®
The remaining cases ¢ = p and § = —p represent, respectively, the trivial similarity

transformation, i.e. uqu = ¢, and the similarity transformation between a quaternion g and
its conjugate ¢q, i.e. uqu = q. In the first case the unitary quaternion is given by the identity
quaternion. In the last case the similarity transformation is satisfied Vu = h - & with iz - g = 0
and |u| = 1.
Symplectic decomposition
Complex numbers can be constructed from real numbers by

z=a+ip a, BeR.
In a similar way, we can construct quaternions from complex numbers by

qg=z+jw z,weC

symplectic decomposition of quaternions.
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Left/right action
Due to the non-commutative nature of quaternions we must distinguish between
qi_i and ﬁq.

Thus, it is appropriate to consider left- and right-actions for our imaginary units i, j and k. Let
us define the operators

L = (Li, Lj, Ly) )
and

R = (Ri, R, R) (6)
which act on quaternionic states in the following way:

L:H—>H Lg=hqeH (7
and

RH—>H féq:qﬁeH. ®)

The algebra of left/right generators can be expressed concisely by

L} =L} =L} = LiLjL, = R} = R} = R{ = RR{R; = —1
and by the commutation relations

[Lijx. Rijx]=0.
From these operators we can construct the following vector space:

H, ® Hg

whose generic element will be characterized by left and right actions of quaternionic imaginary
units i, j, k. In this paper we will work with two sub-spaces of H; ® Hg, namely

HE and H: @ CF
whose elements are represented, respectively, by left actions of i, j, k

a+b-LeH!  abeR ©)
and by left actions of i, j, k and right action of the only imaginary unit i

a+b-L+cRi+d-LR e H-®CR a.b,c.deR. (10)

3. States and operators in qQM

The states of qQM will be described by vectors, |), of a quaternionic Hilbert space, V. First
of all, due to the non-commutative nature of quaternionic multiplication, we must specify
whether the quaternionic Hilbert space is to be formed by right or left multiplication of
quaternionic vectors by scalars. The two different conventions give isomorphic versions of the
theory [40]. We adopt the convention of right multiplication by scalars.

In quaternionic Hilbert spaces, we can define quaternionic and complex linear operators,
which will be, respectively, denoted by Oy and O¢. They will act on quaternionic vectors,
[¥r), in the following way:

Ou(l¥)q) = (Oul¥)) q g € H.
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and

Oc(l¥)r) = (Ocly)) A reC.

Such operators are R-linear from the left.

As a concrete illustration, let us consider the case of a finite n-dimensional quaternionic
Hilbert space. The ket state |y) will be represented by a quaternionic n-dimensional column
vector

Y X1 +]jy1
W)y=1 : | = : XU Y15 o ey Xn, yn € C. (1D
Y Xn +JVn

Quaternionic linear operators, Oy, will be represented by n x n matrices with entries in HE,
whereas complex linear operators, Oc, by n x n matrices with entries in H: ® CX.
By using the symplectic complex representation, the n-dimensional quaternionic vector

X1 Y1
) =Ix)+jly)=1| : | +]
xn yll

can be translated into the 2n-dimensional complex column vector
) <1 + | (12)

The matrix representation of L;, L; and Ly consistent with the above identification is

i 0
Li <> . = iO‘3

L 0 -l i (13)
o = —10"
i 10 :

. 0 —i ,
<> = —10].
k i 0 1

These translation rules allow us to represent quaternionic n-dimensional linear operators by
2n x 2n complex matrices.
The right quaternionic imaginary unit

R P 14
R (14)

adds four additional degrees of freedom,

Ri LiR; LjR; LgR;
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and so, by observing that the Pauli matrices together with the identity matrix form a basis over
C, we have a set of rules which allows us to translate one-dimensional complex linear operators
using 2 x 2 complex matrices [41]. Consequently, we can construct 2n x 2n complex matrix
representations for n-dimensional complex linear operators.

Let us note that the identification in equation (14) is consistent only for complex inner
products (complex geometry) [41]. We observe that the right complex imaginary unit, R;, does
not have a well defined Hermiticity within a qQM with quaternionic inner product (quaternionic
geometry),

(ply) =1o)ly) =Y @ (15)
=1

In fact, anti-Hermitian operators must satisfy

(0l AY) = —(Agl¥).
For the right imaginary unit R;, we have

|RiY) = Rily) = [¥)i (Rig| = (Ril))" = —i(gl
and consequently

(plY)i = (p|Riy) # —(Rip|¥) = i{p[¥).

Nevertheless, by adopting a complex geometry, i.e. a complex projection of the quaternionic
inner product,

{plv)e = 3(ely) —ilely)i) (16)

we recover the anti-Hermiticity of the operator R,

(@IRY)c = —(Rig|¥)c.

4. The right complex eigenvalue problem in qQM

The right eigenvalue equation for a generic quaternionic linear operator, Op, is written as
Ou|¥) = [W)q 7)

where |V) € Vi and ¢ € H. By adopting quaternionic scalar products in our quaternionic
Hilbert spaces, V1, we find states in one-to-one correspondence with unit rays of the form

) = {IW)u} (18)

where |W) is a normalized vector and u is a quaternionic phase of unity magnitude. The
state vector, |W)u, corresponding to the same physical state |¥), is an Og-eigenvector with
eigenvalue uqu

Op|V)u = |V)u(uqu).

For real values of ¢, we find only one eigenvalue, otherwise quaternionic linear operators will
be characterized by an infinite eigenvalue spectrum

{q,wiquy, ..., wquy, ...}
with u; unitary quaternions. The related set of eigenvectors

{19, 9y, [y,
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represents a ray. We can characterize our spectrum by choosing a representative ray

V) = [W)u,

so that the corresponding eigenvalue A = u, qu, is complex. For this state the right eigenvalue
equation becomes

Ouly) = [¥)A (19)

with [¢) € Vg and A € C.
We now give a systematic method to determine the complex eigenvalues of quaternionic
matrix representations for Oy operators.

4.1. Quaternionic linear operators and quaternionic geometry

In n-dimensional quaternionic vector spaces, H", quaternionic linear operators, Oy, are
represented by # x n quaternionic matrices, M,, (H"), with elements in H". Such quaternionic
matrices admit 2n-dimensional complex counterparts by the translation rules given in
equation (13). Such complex matrices characterize a subset of the 2n-dimensional complex
matrices

M3, (C) C My, (O).
The eigenvalue equation for Oy reads

Mul¥) = [Y)r (20)
where My € M, (HY), |[¥) € H" and 1 € C.

The one-dimensional eigenvalue problem

In order to introduce the reader to our general method of quaternionic matrix diagonalization,
let us discuss one-dimensional right complex eigenvalue equations. In this case equation (20)
becomes

Qul¥) = [¥)r 2n

where Qg = a +b-Le H, |¥) = |x) +j|y) € Hand A € C. By using the translation rules,
given in section 3, we can generate the quaternionic algebra from the commutative complex
algebra (Cayley—Dickson process). The complex counterpart of equation (21) reads

(2 2)0)= ()

z:a+ib1 w:bz—ib3e(C.

Equation (22) is the eigenvalue equation for a complex matrix whose characteristic equation
has real coefficients. For this reason, the translated complex operator admits A and A* as
eigenvalues.

Given the eigenvector corresponding to the eigenvalue A, we can immediately obtain the
eigenvector associated with the eigenvalue A* by taking the complex conjugate of equation (22)
and then applying a similarity transformation by the matrix

(1)
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In this way, we find

(2 2)00)=(2)
w Z X X

So, for & # 1* € C, we obtain the eigenvalue spectrum {A, A*} with eigenvectors

0 ()

What happens when L € R? In this case the eigenvalue spectrum will be determined by
two equal eigenvalues A. To show that, we remark that the eigenvectors (24) associated with
the same eigenvalues A, are linearly independent on C. In fact,

*

x p—
H Y =[x+ |y*=0 ifandonlyif x =y =0.

x*

So in the quaternionic world, by translation, we find two complex eigenvalues, respectively, A
and 1*, associated with the following quaternionic eigenvectors:

V) and 1V)j €lr).

The infinite quaternionic eigenvalue spectrum can be characterized by the complex eigenvalue
A and the ray representative will be |1). In the next section, by using the same method, we
will discuss eigenvalue equations in n-dimensional quaternionic vector spaces.

The n-dimensional eigenvalue problem

Let us formulate two theorems which generalize the previous results for quaternionic n-
dimensional eigenvalue problems. The first theorem [T1] analyses the eigenvalue spectrum
of the 2n-dimensional complex matrix M, the complex counterpart of the n-dimensional
quaternionic matrix My. In this theorem we give the matrix S which allows us to construct the
complex eigenvector |¢;~) from the eigenvector |¢; ). The explicit construction of |¢;~) enables
us to show the linear independence on C of |¢; ) and |¢;~) when A € R and represents the main
tool in constructing similarity transformations for diagonalizable quaternionic matrices. The
second theorem [T2] discusses linear independence on H for My eigenvectors.

Theorem T1. Let M be the complex counterpart of a generic n X n quaternionic matrix M.
Its eigenvalues appear in conjugate pairs.

Proof. Let
Mig.) = hign) (25)
be the eigenvalue equation for M, where
X1
N
M € My, (C) gy =1 : [eC™ A eC.
Xn

Yn



Right eigenvalue equation in quaternionic quantum mechanics 2979

By taking the complex conjugate of equation (25),
M) = 2%1)"

and applying a similarity transformation by the matrix
0 -1
S=1,®
1 0

SM*S™'S|gpy)* = A*S|ghy)*. (26)

we obtain

From the block structure of the complex matrix M itis easily checked that
SM*S™' =M

and consequently equation (26) reads

Mgy = 2*|¢hs) 27)
where
—yi
Xy
lpr) = Slp)* =
-y
x*

n

Let us show that the eigenvalues appear in conjugate pairs (this implies a double multiplicity
for real eigenvalues). To do this, we need to prove that |¢;) and |¢,+) are linearly independent
on C. In order to demonstrate the linear independence of such eigenvectors, trivial for A # A*,
we observe that the linear dependence, possible in the case A = A*, should require

X; —y.*
T =P ewlP=0 =10

Yi X;

verified only for null eigenvectors. The linear independence of |¢,) and |¢;,+) ensures an even
multiplicity for real eigenvalues. |

We shall use the results of the first theorem to obtain information about the My right
complex eigenvalue spectrum. Due to the non-commutative nature of the quaternionic field we
cannot give a suitable definition of the determinant for quaternionic matrices and consequently
we cannot write a characteristic polynomial P (1) for Mpy. Another difficulty is represented
by the right position of the complex eigenvalue A.

Theorem T2. My admits n linearly independent eigenvectors on H if and only if its complex
counterpart M admits 2n linearly independent eigenvectors on C.

Proof. Let

U )s 133)s - 18,0, 16350 } (28)
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be a set of 2n M -eigenvectors, linearly independent on C, and o, B; (I = 1, ..., n) be generic
complex coefficients. By definition,

n

D (lgs) +Bldi) =0 & a=p=0. (29)

=1

By translating the complex eigenvector set (28) in the quaternionic formalism we find

{la) W)y oo W), W) | (30)
By eliminating the eigenvectors, [;:) = [v3,)], corresponding for complex eigenvalues to
ones with a negative imaginary part, linearly dependent with |,,) on H, we obtain

{|¢M)9 cees |1ﬁxn)}

This set is formed by n linearly independent vectors on H. In fact, by taking an arbitrary
quaternionic linear combination of such vectors, we have

n

D [ +ipn] =D (W) +1¥s)B) =0 & o =p =0. (31)

I=1 =1
Note that equation (31) represents the quaternionic counterpart of equation (29). U

_ The My complex eigenvalue spectrum is thus obtained by taking from the 2n-dimensional
M -eigenvalues spectrum

{)\']7 )"Ta MR )\'IU Az}
the reduced n-dimensional spectrum
{)\']7 -"a)"n}'

We stress here the fact that, the choice of positive, rather than negative, imaginary part is a
simple convention. In fact, from the quaternionic eigenvector set (30), we can extract different
sets of quaternionic linearly independent eigenvectors

v or ], oo [1va,) or 1y ]}

and consequently we have a free choice in characterizing the n-dimensional Mp-eigenvalue
spectrum. A direct consequence of the previous theorems, is the following corollary.

Corollary T2. Two My quaternionic eigenvectors with complex eigenvalues, A1 and A,, with
Ay # Ay # A5, are linearly independent on H.

Proof. Let
[, ) (et +]B1) + [, ) (2 +jB2) (32)

be a quaternionic linear combination of such eigenvectors. By taking the complex translation
of equation (32), we obtain

a1} + Bildn;) + az2ldn,) + Baldas)- (33)

The set of M-ei genvectors

{10.): 1622, 162,) [das) }
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is linearly independent on C. In fact, theorem T1 ensures linear independence between
eigenvectors associated with conjugate pairs of eigenvalues, and the condition A, # A # A}
completes the proof by ensuring the linear independence between

{162,), 1620} and {161,), 1)}

Thus the linear combination in equation (33), the complex counterpart of equation (32), is null
if and only if «; 2 = B12 = 0, and consequently the quaternionic linear eigenvectors |1, )
and |v,,) are linear independent on H. O

A brief discussion about the choice of spectrum

What happens to the eigenvalue spectrum when we have two simultaneous diagonalizable
quaternionic linear operators? We show that for complex operators the choice of a common
quaternionic eigenvector set reproduces in qQM the standard results of complex quantum
mechanics (cQM). Let

i 0 . i 0
A= 0 i E and Ay = 5h 0 —i (34)

be anti-Hermitian complex operators associated, respectively, with energy and spin. In cQM,
the corresponding eigenvalue spectrum is

{iE,iE} 4, and {ish, —izn} (35)

and physically we can describe a particle with positive energy E and spin % What happens
in qQM with quaternionic geometry? The complex operators in equation (34) also represent
two-dimensional quaternionic linear operators and so we can translate them in the complex
world and then extract the eigenvalue spectrum. By following the method given in this section,
we find the following eigenvalues:

{iE, —iE,iE, —iE}4, and {i3n, —izh, ish, —izh},
and adopting the positive imaginary part convention we extract
{iE,iE}4, and {isn,izh}, .

It seems that we lose the physical meaning of a spin—% particle with positive energy. How can
we recover the different sign in the spin eigenvalues? The solution to this apparent puzzle is
represented by the choice of a common quaternionic eigenvector set. In fact, we observe that
the previous eigenvalue spectra are related to the following eigenvector sets:

OO = GO

By fixing a common set of eigenvectors

6O
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1\ (o
(0),<1> —  [HE,HE}, {+i3h, —izn},
Al
1\ (o
(0)7< ) - {HE,—E}, {+i5h, +ish}
J
A
i\ [0
<é>(1> - [HE HE}, {~i3n, —izh},
Az
i\ (0
(é)(}) —  {-E B}, [—ilneiln)
Az

represent equivalent choices. Thus, in this particular case, the different possibilities in choosing
our quaternionic eigenvector set will give the following outputs.

Energy: +E,+E and %—spin: M
+E,—F and )
—E,+E and 3
—E,—E and 1.

Thus, we can also describe a %-spin particle with positive energy by re-interpreting spin-
up/down negative energy as spin down/up positive energy solutions

From an anti-Hermitian to a Hermitian matrix operator

Let us remark on an important difference between the structure of an anti-Hermitian operator
in complex and in quaternionic quantum mechanics. In cQM, we can always trivially relate
an anti-Hermitian operator, A to a Hermitian operator, H, by removing a factor i

A=1iH.

In gQM, we must take care. For example,

—i 3j
A B < j .J )
3 i

is an anti-Hermitian operator, nevertheless, 1.4 does not represent a Hermitian operator. The
reason is simple: given any independent (over H) set of normalized eigenvectors |v;) of A with
complex imaginary eigenvalues A;,

A= o aliw]
!

(37

the corresponding Hermitian operator H is soon obtained by

H=>|u)ml(vl
1

since both the factors are independent of the particular representative |v;) chosen. Due to the
non-commutative nature of |v;), we cannot extract the complex imaginary uniti. Our approach
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to quaternionic eigenvalue equations contains a practical method to find eigenvectors |v;) and
eigenvalues A; and consequently solves the problem to determine, given a quaternionic anti-
Hermitian operator, the corresponding Hermitian operator. An easy computation shows that

1 (i) 1 [k
Il ilkel) = 21,4 and  {Jup), [v2)) = {E (;) NG ( ] )}

So, the Hermitian operator corresponding to the anti-Hermitian operator of equation (37) is

3k 38
=\ .« 3 ) (38)

A practical rule for diagonalization

We know that 2n-dimensional complex operators, are diagonalizable if and only if they admit
2n linear independent eigenvectors. It is easy to demonstrate that the diagonalization matrix
for M

SIS — pydias
is given by
r x(}\l) xfkT) x('\") x;x*) -
o y g
S = Inverse (39)
L yff') v y,i“ yr(zm i

Such a matrix is in the same subset of M, i.e. S € Ma, (C). In fact, by recalling the relationship
between |¢;) and |¢p,+), we can rewrite the previous diagonalization matrix as

S =

(M)

A
yl( 1)

Inverse

_x’(l)\l )
A

yr(l 1)

% (A1)
-V :

XT(M)

_y::()tl)

X0

()\n) * (An)
-

()»n) * (An)
Y1 X

An An

) 00

- -

vty

(40)

The linear independence of the 2n complex eigenvectors of M guarantees the existence of 5!
and the isomorphism between the group of n X n 1nvert1ble quaternionic matrices GL(n, H)
and the complex counterpart group GL(2n C) ensures S le M,,, (C). So, the quaternionic
n-dimensional matrix which diagonalizes My

SuMuSy' = My
can be obtained directly by translating equation (40) in

(M) @ xf)m)_’_jyf}"n)

+jy
Sy = Inverse

A (A
x]g 1) +Jyr(t 1)

o
xn n

iy (A
D+ jyi

(41)



2984 S De Leo and G Scolarici

In translating complex matrices in quaternionic language, we remember that an appropriate
mathematical notation should require the use of the left/right quaternionic operators L; j x and
R;. In this case, due to the particular form of our complex matrices,

M,S, S € My, (C)

their quaternionic translation is performed by left operators and so we use the simplified
notation i, j, k instead of L;, L;, Ly.

This diagonalization quaternionic matrix is strictly related to the choice of a particular set
of quaternionic linear independent eigenvectors

{lva)e o))

So, the diagonalized quaternionic matrix reads
M%}ag = diag{A, ..., An}.

The choice of a different quaternionic eigenvector set
{[Ia,) or )], ... [Iva,) or [¥:)]}

will give, for not real eigenvalues, a different diagonalization matrix and consequently a
different diagonalized quaternionic matrix

M%i[ag = diag {[)»1 or Afl, ..., [Ay Or AZ]}.
In conclusion,
My diagonalizable < M diagonalizable

and the diagonalization quaternionic matrix can be easily obtained from the quaternionic
eigenvector set.

4.2. Complex linear operators and complex geometry

In this section, we discuss the right eigenvalue equation for complex linear operators. In n-
dimensional quaternionic vector spaces, H", the complex linear operator, O, is represented
by n x n quaternionic matrices, M, (H* ® CF), with elements in H" ® CX. Such quaternionic
matrices admit 2n-dimensional complex counterparts which recover the full set of 2n-
dimensional complex matrices, M, (C). It is immediate to check that quaternionic matrices
My € M, (HE) are characterized by 4n? real parameters and so a natural translation gives
the complex matrix M,,(C) C M,,(C), whereas a generic 2n-dimensional complex matrix
M € M>,(C), characterized by 8n” real parameters needs to double the 4n? real parameters of
Mp. By allowing right action for the imaginary units i we recover the missing real parameters.
So, the 2n-dimensional complex eigenvalue equation

M¢) = Al) M € My, (C) |¢)eC™ reC (42)
becomes, in the quaternionic formalism,

Mecly) = [)A Mc e M,(H*®C®) |y)eH" reC. (43)
The right position of the complex eigenvalue A is justified by the translation rule

il,, < Ril,.

By solving the complex eigenvalue problem of equation (42), we find 2n eigenvalues and we
have no possibilities to classify or characterize such a complex eigenvalue spectrum. Is it
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possible to extract a suitable quaternionic eigenvectors set? What happens when the complex
spectrum is characterized by 2n different complex eigenvalues? To give satisfactory answers
to these questions we must adopt a complex geometry [6,7]. In this case

[¥r) and V)]

represent orthogonal vectors and so we cannot kill the eigenvectors |)j. So, for n-dimensional
quaternionic matrices M¢ we must consider the full eigenvalue spectrum

{1, Ao} (44)
The corresponding quaternionic eigenvector set is then given by

) ¥, (45)
which represents the quaternionic translation of the M-eigenvector set

{1da)s - [on )} (40)

In conclusion, within a qQM with complex geometry [31] we find for quaternionic linear
operators, My, and complex linear operators, Mc, a 2n-dimensional complex eigenvalue
spectrum and consequently 2n quaternionic eigenvectors. Let us now give a practical
method to diagonalize complex linear operators. Complex 2n-dimensional matrices, M, are
diagonalizable if and only if admit 2n linear independent eigenvectors. The diagonalizable
matrix can be written in terms of M-eigenvectors as follows:

i xl(}“) xim x{kz”") xsz")
yl()w) yl()»z) o yl()Lanl) yl()»zn)
S = Inverse : : : : . (47)
xd0 x02 om0 x{pan)
Yy Dy
This matrix admits a quaternionic counterpart [41] by complex linear operators
q{l,z] + pEl’z]Ri q1[2n—],2n] +p£2n—l,2n]Ri
Sc = Inverse : : (48)
g2+ pllAR, | glemtanl g pa-12n R
where
ql[mﬁ] _ xl()"m) + yl()"n)* +jyl()»m) _ xl()\n)*
2 2
and
pZ[m,n] — xz(k'") _.)’z(kn)* +jy;k’") +.xl(/\")*
2i 2i

To simplify the notation we use i, j, k instead of L;, Lj, Lx. The right operator R; indicates
the right action of the imaginary unit i. The diagonalized quaternionic matrix reproduces the
quaternionic translation of the complex matrix
MU = diag{Ly, ..., Ao}

into

diag A EAS A=A
M = dia, + —= R, ...,

c g { 2 25

(49)

)"Zn—l +)\;n " )\Zn—l _ )‘én Ri )
2 2i
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5. Quaternionic eigenvalue equation

By working with quaternions we have different possibilities to write eigenvalue equations.
In fact, in solving such equations, we could consider quaternionic or complex, left or right
eigenvalues. In this section, we briefly introduce the problem inherent to quaternionic
eigenvalue equations and emphasize the main difficulties present in such an approach.

5.1. Right quaternionic eigenvalue equation for complex linear operators

As seen in the previous sections, the right eigenvalue equation for quaternionic linear operators,
O, reads

Mul¥) = [¥)q g eH.

Such an equation can be converted into a right complex eigenvalue equation by rephasing the
quaternionic eigenvalues, g,

Mul¥u = | utiqu = |[§)x 1 eC.

This trick fails for complex linear operators. In fact, by discussing right quaternionic eigenvalue
equations for complex linear operators,

Mcly) = 1¥)q (50)

due to the presence of the right imaginary unitiin M¢, we cannot apply quaternionic similarity
transformations,

(Mcl))u # Mc(ly)u) ueH.

Within a qQM with complex geometry [20,31,41], a generic anti-Hermitian operator
must satisfy

(Pl AcY)c = —(Acol¥)c. (D

We can immediately find a constraint on our .Ac-eigenvalues by putting in the previous equation

lp) = 1Y),

(W¥ay)c = —(Vayl¥ic = qy =iay +jwy
Qy eR Wy, e C.

(52)

Thus, complex linear anti-Hermitian operators, Ac, will be characterized by purely imaginary
quaternions. An important property must be satisfied for complex linear anti-Hermitian
operators, namely eigenvectors |¢) and |v/) associated with different eigenvalues, g4 # gy,
have to be orthogonal in C. By combining equations (51) and (52), we find

(@1Yay)c = (qpPlV¥)c.

To guarantee the complex orthogonality of the eigenvectors |¢) and |{), namely (¢|¥)c = 0,
we must require a complex projection for the eigenvalues, (¢g)c,

qy.¢ — )\.(/,'(15 e C.

In conclusion, a consistent discussion of right eigenvalue equations within a qQM with complex
geometry requires complex eigenvalues.
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5.2. Left quaternionic eigenvalue equation

What happens for left quaternionic eigenvalue equations? In solving such equations for
quaternionic and complex linear operators,

Muly) =ql¥) Mecl) = qlv¥) qgeH
we do not have a systematic way to approach the problem. In this case, due to the presence of
left quaternionic eigenvalues (translated in complex formalism by two-dimensional matrices),
the translation trick does not apply and so we must solve the problem directly in the quaternionic
world.
In discussing left quaternionic eigenvalue equations, we underline the difficulty hidden in

diagonalizing such operators. Let us suppose that the matrix representations of our operators
are diagonalized by a matrix Sy,c

SeMuSg' = M and  ScMcSg! = MEE
The eigenvalue equation will be modified in
d‘, ~ ~ 71 ~
My *Sul) = SugSy' Sulr)
di ¥ ~a—1 ~
M Scly) = ScqSc ' Sclv)
and now, due to the non-commutative nature of g,
~ 71 ~
SIHI/(CCISH/(C #q.
So, we can have operators with the same left quaternionic eigenvalues spectrum but no
similarity transformation relating them. This is shown explicitly in appendix B, where we
discuss examples of two-dimensional quaternionic linear operators. Let us now analyse other

difficulties in solving the left quaternionic eigenvalue equation. The Hermitian quaternionic
linear operators satisfy

(IHEY) = (Hud|¥).

By setting |($) = |1;) in the previous equation we find constraints on the quaternionic
eigenvalues g

(Wlgy) = (q¥ly).
From this equation we cannot extract the conclusion that § must be real, g = g '. In fact,
(WI@—-g91¥) =0
could admit quaternionic solutions for g (see the example in appendix B). So, the first
complication is represented by the possibility of finding Hermitian operators with quaternionic

eigenvalues. Within a qQM, we can overcome this problem by choosing anti-Hermitian
operators to represent observable quantities. In fact,

(@l AuY) = —(Aud|V)
will imply, for |¢) = |/),
WIG+3Hy) =o. (53)

In this case, the real quantity, § + ¢, commutes with |1/~/), and so equation (53) gives the
constraint

q = ia +jw.
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We could work with anti-Hermitian operators and choose |g| as the observable output.
Examples of the left/right eigenvalue equation for two-dimensional anti-Hermitian operators
will be discussed in appendix B. In this appendix, we explicitly show an important difference
between the left and right eigenvalue equation for anti-Hermitian operators: left and right
eigenvalues can have different absolute values and so cannot represent the same physical
quantity.

6. Conclusions

The study undertaken in this paper demonstrates the possibility of constructing a practical
method to diagonalize quaternionic and complex linear operators on quaternionic vector spaces.
Quaternionic eigenvalue equations have to be right eigenvalue equations. As shown in our
paper, the choice of a right position for quaternionic eigenvalues is fundamental in searching
for a diagonalization method. A left position of quaternionic eigenvalues gives unwanted
surprises. For example, we find operators with the same eigenvalues which are not related by
a similarity transformation, Hermitian operators with quaternionic eigenvalues, etc.

Quaternionic linear operators in n-dimensional vector spaces take infinite spectra of
quaternionic eigenvalues. Nevertheless, the complex translation trick ensures that such
spectra are related by similarity transformations and this gives the possibility of choosing n
representative complex eigenvalues to perform calculations. The complete set of quaternionic
eigenvalues spectra can be generated from the complex eigenvalue spectrum,

{)\’1 LA ] )"n}
by quaternionic similarity transformations,
{ﬁl)"lul’ cees ﬂn)"nun}-

Such a symmetry is broken when we consider a set of diagonalizable operators. In this case
the freedom in constructing the eigenvalue spectrum for the first operator, and consequently
the free choice in determining an eigenvectors basis, will fix the eigenvalue spectrum for the
other operators.

The power of the complex translation trick gives the possibility of studying general
properties for quaternionic and complex linear operators. Complex linear operators play an
important role within a qQM with complex geometry by reproducing the standard complex
results in reduced quaternionic vector spaces [31]. The method of diagonalization becomes
very useful in the resolution of quaternionic differential equations [42]. Consequently, an
immediate application is found in solving the Schrddinger equation with quaternionic potentials
[43].

Mathematical topics to be developed are represented by the discussion of the eigenvalue
equation for real linear operators, O, and by a detailed study of the left eigenvalue equation.
Real linear operators are characterized by left and right actions of the quaternionic imaginary
units i, j, k. The translation trick now needs to be applied in the real world and so, for a coherent
discussion, it will require the adoption of a real geometry.
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Appendix A. Two-dimensional right complex eigenvalue equations

In this appendix we explicitly solve the right eigenvalues equations for quaternionic, Oy, and
complex Oc, linear operators, in two-dimensional quaternionic vector spaces.

Quaternionic linear operators

i
MH—<k i) (AD)

be the quaternionic matrix representation associated with a quaternionic linear operator in a
two-dimensional quaternionic vector space. Its complex counterpart reads

Let

i 0 0 -1
~ 0 -1 1 O
M =

0 -1 1 O

-i 0 0 —i

In order to solve the right eigenvalue problem
Muly) = [¥)A reC

let us determine the M -eigenvalue spectrum. From the constraint
det[M — Al,] =0

we find for the M -eigenvalues the following solutions:

{)»1, A5 )\3}1‘71 — {21/4e3in/8’ 1/4e=3in/8 _ol/4e=3in/8 _21/4631'71/8}1‘71‘

The M -eigenvector set is given by

—1+ix 0 0 —1—ix
0 —1—ix% 1—it 0
0 ’ -1 ' 1 ’ 0
1 0 0 1 .

M

The Mp-eigenvalue spectrum is soon obtained from that one of M. For example, by adopting
the positive imaginary part convention we find

{)\1’ )\Z}MH — {21/46317[/8, _21/4673171/8} (Az)

My
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and the corresponding quaternionic eigenvector set, defined up to a right complex phase, reads

{(—l-f-i)q)’(j(l—i)ﬁ]k))} . (A3)
] 1 M

The quaternionic matrix which diagonalizes My is

—1+ir I —ir* i ging + |42
SH=Inverse|:< -,Hl J =14 >:|= ! <11 iz +11l7] ) (A4)

i 1 2P\ kA i = AP
As remarked in this paper, we have infinite possibilities for diagonalization
{wrAquy, updous}.
Equivalent diagonalized matrices can be obtained from
Mi'® = diag{A1, A2}
by performing a similarity transformation
U MEEU = Ut MU
and
U = diag{u,, us}.
The diagonalization matrix given in equation (A4) becomes

SH e Z/{TSH

Complex linear operators

Let

—iRi +j —kRi +1
Mc = . : (AS)
—kR, -1 1R; +]

be the quaternionic matrix representation associated with a complex linear operator in a two-
dimensional quaternionic vector space. Its complex counterpart is
I -1 1 -1
1 -1 -1 1
-1 -1 -1 -1
-1 -1 1 1

M =

The right complex eigenvalue problem
Mecly) = [¥)A reC
can be solved by determining the M-eigenvalue spectrum

(A1, A2, Az, Aatmyme = {2, =2, 21, =21} pr/ - (A6)



Right eigenvalue equation in quaternionic quantum mechanics 2991

Such eigenvalues also determine the Mc-eigenvalues spectrum. The Mc-eigenvector set is
obtained by translating the complex M -eigenvector set

0 1 —i

1 —1 1
1111 |'] =1

-1 0 1 —i

M

in the quaternionic formalism

IO

The quaternionic matrix which diagonalizes Mc is

. 1ot+k \T 1 1 ] A8
¢ = lnverse i+ T2 -k —-id+) (A%

and the diagonalized matrix is given by
4 —iR; O
Mgag=z< 0 ) (A9)
i

This matrix can be obtained directly from the M /M eigenvalue spectrum by translating, in
the quaternionic formalism, the matrix

2 0 0 0
e _ | 0 72 00
0 02 0
0 0 0 -2

It is interesting to note that equivalent diagonalized matrices can be obtained from Mgag in
equation (A9) by the similarity transformation

+ dia,
U M:*U.
For example, by choosing
— 0
U= I1+k
V2
one finds
; iR; 0O
MPE 2( 0 ) (A10)
J

Appendix B. Two-dimensional left quaternionic eigenvalue equations

Let us now examine left quaternionic eigenvalue equations for quaternionic linear operators.
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Hermitian operators

" 0 k
S N A

be the quaternionic matrix representation associated with a Hermitian quaternionic linear
operator. We consider its left quaternionic eigenvalue equation

Let

Huly) = §1¥) (B1)
where

~ v i

|¢)=(1Z;)€H2 GeH.

Equation (B1) can be rewritten by the following quaternionic system:
kv, = g —ky = G

The solution is
(@} = {2+ 1B

where
zeC BeR IzI>+ % = 1.

The Hpy-eigenvector set is given by

(i)
—kG+ipvi ) ),

It is easy to verify that in this case
(1@ —q"lp) =0

is verified for quaternionic eigenvalues G # G'.

Anti-hermitian operators

j i
A =

be the quaternionic matrix representation associated with an anti-Hermitian quaternionic linear
operator. Its right complex spectrum is given by

(A, Aoty = {i\/z — V2, i\/2+ \/5]

Let

Hu

We now consider the left quaternionic eigenvalue equation

Aul¥r) = q1¥) (B2)
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where
IKZ):(%I)GHQ g € H.
(%)
By solving the following quaternionic system:
W +ivn = G i1 +kyn = G
we find

(Gna). = i vk ik
I OV R IRV AR

and

~ ~

14 Y
(a8 | (e )|
ﬁ 2 1 \/z 2 1 Hu

{|ﬁ|)u]lzt]|= 2—\/5, |ﬁ2)\21/l2= 2+«/§}

We observe that

and

{lg1l = 1,1g2| = 1}.

Thus, left and right eigenvalues cannot be associated with the same physical quantity.

A new possibility

In order to complete our discussion let us discuss for the quaternionic linear operator given in
equation (A1) its left quaternionic eigenvalue equation

Mg|¥) = 1) (B3)
where

~ v )

|W)=($;)6H2 GeH.

Equation (B3) can be rewritten using the following quaternionic system:

i +jv2 = GV

ki) +iY = §in.
The solution gives for the quaternionic eigenvalue spectrum
Y . . j+k . j+k
{01 @)y, = {Hf’l_f}m (B4)
and for the eigenvector set
1 1
1—i |,.| i-1 . (BS)

\/E ‘/E My
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Let us now consider the following quaternionic linear operator:
i+ itk 0
Nig = V2 . . (B6)
0o i1tk

V2

This operator represents a diagonal operator and has the same left quaternionic eigenvalue
spectrum of My, notwithstanding such an operator is not equivalent to Mﬂdﬂ}ag . In fact, the
Ng-complex counterpart is characterized by the following eigenvalue spectrum:

{ivV2, —iv2,iv2, -iv2}

different from the eigenvalue spectrum of the M-complex counterpart of My. Thus, there
is no similarity transformation which relates these two operators in the complex world and
consequently by translation there is no a quaternionic matrix which relates Ny to Mg. So,
in the quaternionic world, we can have quaternionic linear operators which have the same left
quaternionic eigenvalue spectrum but are not related by a similarity transformation.
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